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The Inebriation Principle

“There is someone at the party such that if he
or she is drunk, then everyone is drunk.”

(3x)(D(x) — (Vy)D(y))
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The Inebriation Principle

“There is someone at the party such that if he
or she is drunk, then everyone is drunk.”

(3x)(D(x) — (Vy)D(y))

Either everyone is drunk and we choose anyone, or someone is not drunk
and — classically — if this person is drunk, then everyone is drunk.
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Classical Inebriation

By prenexation,

(3)(D(x) — (Vy)D(y)) s equivalent to  (3x)(Vy)(D(x) — D(y)),
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Classical Inebriation

By prenexation,
(3x)(D(x) — (Yy)D(y)) s equivalent to  (3x)(Vy)(D(x) — D(y)),
which, by Skolemization, is valid if and only if
(3x)(D(x) — D(f(x)))

is valid,
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Classical Inebriation

By prenexation,
(3x)(D(x) — (Yy)D(y)) s equivalent to  (3x)(Vy)(D(x) — D(y)),
which, by Skolemization, is valid if and only if
(3x)(D(x) — D(f(x)))
is valid, which, using Herbrand’s theorem, it is, because
(D(c) — D(f(c))) Vv (D(f(c)) — D(f(f(c))))

is propositionally valid in classical logic.

George Metcalfe (University of Bern) First-Order Logics and Truth Degrees LATD 2014 3 /39



Many-Valued Inebriation

How does our inebriation principle fare with respect to. ..
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Many-Valued Inebriation
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.. truth values in [0, 1]
..truth T as 1 and falsity L as 0
..\ as minimum and V as maximum

..Vasinfand Jassup ?
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Many-Valued Inebriation

How does our inebriation principle fare with respect to. ..
.. truth values in [0, 1]
..truth T as 1 and falsity L as 0
.. /A as minimum and V as maximum

..Vasinfand Jassup ?

Roughly, the principle holds for finitely many truth values, but for
infinitely many values, it depends on how we interpret implication.

George Metcalfe (University of Bern) First-Order Logics and Truth Degrees LATD 2014 4 /39



Two Logics

tukasiewicz
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Ordered Inebriation

Given truth values [0, 1] and the Godel implication

1 fa<b
a— b= i
b otherwise,

George Metcalfe (University of Bern) First-Order Logics and Truth Degrees LATD 2014 6 /39



Ordered Inebriation

Given truth values [0, 1] and the Godel implication

1 fa<b
a— b= i
b otherwise,

the inebriation principle (3x)(D(x) — (Yy)D(y)) fails.
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Ordered Inebriation

Given truth values [0, 1] and the Godel implication

1 fa<b
a— b= i
b otherwise,

the inebriation principle (3x)(D(x) — (Yy)D(y)) fails.

Suppose that there are people p1, p2, ... and that each person p, is drunk
to degree 1

E.
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Ordered Inebriation

Given truth values [0, 1] and the Godel implication

1 fa<b
a— b= i
b otherwise,

the inebriation principle (3x)(D(x) — (Yy)D(y)) fails.

Suppose that there are people p1, p2, ... and that each person p, is drunk
to degree % Then “everyone is drunk” is completely false,
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Ordered Inebriation

Given truth values [0, 1] and the Godel implication

1 fa<b
a— b= i
b otherwise,

the inebriation principle (3x)(D(x) — (Yy)D(y)) fails.
Suppose that there are people p1, p2, ... and that each person p, is drunk

to degree % Then “everyone is drunk” is completely false, as is “p, is
drunk implies everyone is drunk”.
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Ordered Inebriation

Given truth values [0, 1] and the Godel implication

1 fa<b
a— b= i
b otherwise,

the inebriation principle (3x)(D(x) — (Yy)D(y)) fails.
Suppose that there are people p1, p2, ... and that each person p, is drunk

to degree % Then “everyone is drunk” is completely false, as is “p, is
drunk implies everyone is drunk”. So the inebriation principle has degree 0.
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Continuous Inebriation

Given truth values [0, 1] and the tukasiewicz implication

a— b=min(1,1—a+b),
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Continuous Inebriation

Given truth values [0, 1] and the tukasiewicz implication
a— b=min(1,1—a+b),

the inebriation principle (3x)(D(x) — (Vy)D(y)) holds.

Suppose that everybody is drunk to at least degree k and that k is the
greatest truth value with this property.
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Continuous Inebriation

Given truth values [0, 1] and the tukasiewicz implication
a— b=min(1,1—a+b),

the inebriation principle (3x)(D(x) — (Vy)D(y)) holds.

Suppose that everybody is drunk to at least degree k and that k is the
greatest truth value with this property. Then for each ¢ > 0, there is a
person pe drunk to at most degree k + ¢
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Continuous Inebriation

Given truth values [0, 1] and the tukasiewicz implication
a— b=min(1,1—a+b),

the inebriation principle (3x)(D(x) — (Vy)D(y)) holds.

Suppose that everybody is drunk to at least degree k and that k is the
greatest truth value with this property. Then for each ¢ > 0, there is a

person pe drunk to at most degree k + ¢ and “p. is drunk implies everyone
is drunk” has degree at least 1 —e.

George Metcalfe (University of Bern) First-Order Logics and Truth Degrees LATD 2014 7 /39



Continuous Inebriation

Given truth values [0, 1] and the tukasiewicz implication
a— b=min(1,1—a+b),

the inebriation principle (3x)(D(x) — (Vy)D(y)) holds.

Suppose that everybody is drunk to at least degree k and that k is the
greatest truth value with this property. Then for each ¢ > 0, there is a
person pe drunk to at most degree k + ¢ and “p. is drunk implies everyone
is drunk” has degree at least 1 — €. So the inebriation principle has value 1.
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This Talk

Logical consequence in first-order classical logic,

L=,
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e I'U {—¢} via double-negation and the deduction theorem

@ a set of prenex formulas via quantifier shifts
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reduces to the unsatisfiability of
e I'U {—¢} via double-negation and the deduction theorem
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This Talk

Logical consequence in first-order classical logic,

L=,

reduces to the unsatisfiability of

e I'U {—¢} via double-negation and the deduction theorem
@ a set of prenex formulas via quantifier shifts
@ a set of universal formulas via Skolemization

@ a set of propositional formulas via Herbrand’s theorem.
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This Talk

Logical consequence in first-order classical logic,

L=,

reduces to the unsatisfiability of

e I'U {—¢} via double-negation and the deduction theorem
@ a set of prenex formulas via quantifier shifts
@ a set of universal formulas via Skolemization

@ a set of propositional formulas via Herbrand’s theorem.

Main Question

Which of these steps can be applied in the many-valued setting?
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Disclaimer

This talk is based partly on

P. Cintula and G. Metcalfe. Herbrand Theorems for Substructural Logics.
Proceedings of LPAR 2013, LNCS 8312, Springer, 584—600.

For further details and references see

nlopc i - i bsgk

Handbook of Handbook of
Mathematical Fuzzy Legie Mathematical Fuzzy Logic
Velume 1 Volume 2

Metamathematics
of Fuzzy Logic

Proof Theory for
Fuzzy Logics
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Beyond Two Values

We consider a propositional language £ and (classes of) L-algebras
A= <A’ /\7 \/, {*i}iela J—, T>

where (A, A,V, L, T) is a complete chain (e.g., {0,1}, [0,1], NU {o0}).
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Order-Based Algebras

For Godel implication on A, only the order of values matters. ..

T ifa<b
b otherwise

a—b =
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Order-Based Algebras

For Godel implication on A, only the order of values matters. ..

T ifa<b
a—b = .
b otherwise

and similarly for operations such as

T ifa=T 1 ifb<a
Aa = and a—b =
1 otherwise b otherwise.
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Order-Based Algebras

For Godel implication on A, only the order of values matters. ..

T ifa<b
a—b = _
b otherwise

and similarly for operations such as

T ifa=T 1 ifb<a
Aa = and a—b =
1 otherwise b otherwise.

More formally, such operations are definable in A by a quantifier-free
formula in the first-order language with only A, V, and constants of L.
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The Standard tukasiewicz Algebra

tukasiewicz implication on [0, 1] is the continuous function

a— b=min(1,1—a+b).
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The Standard tukasiewicz Algebra

tukasiewicz implication on [0, 1] is the continuous function
a— b=min(1,1—a+b).
The functions min and max are definable using — and 0, as are

—a=1-a and a® b=min(1,a+ b).
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The Standard tukasiewicz Algebra

tukasiewicz implication on [0, 1] is the continuous function
a— b=min(1,1—a+b).
The functions min and max are definable using — and 0, as are
—a=1-a and a® b=min(1,a+ b).

Indeed, interpretations of formulas relate 1-1 to piecewise linear continuous
functions on [0, 1] with integer coefficients (McNaughton 1951).
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The Standard tukasiewicz Algebra

tukasiewicz implication on [0, 1] is the continuous function
a— b=min(1,1—a+b).
The functions min and max are definable using — and 0, as are
—a=1-a and a® b=min(1,a+ b).

Indeed, interpretations of formulas relate 1-1 to piecewise linear continuous
functions on [0, 1] with integer coefficients (McNaughton 1951).

Other “logics of continuous functions” include rational Pavelka logic,
continuous logic, and abelian logic.
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First-Order Languages

A predicate language P is a triple (P, F, ar) where P and F are
non-empty sets of predicate symbols and function symbols, respectively,
and ar is a function assigning to x € P UF an arity ar(x) € N.
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First-Order Languages

A predicate language P is a triple (P, F, ar) where P and F are
non-empty sets of predicate symbols and function symbols, respectively,
and ar is a function assigning to x € P UF an arity ar(x) € N.

P-terms s, t,... and P-formulas ., 1), ... are defined as in classical logic
using a fixed countably infinite set OV of object variables x, y, ..
propositional connectives from £, and the quantifiers V and 3.
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First-Order Languages

A predicate language P is a triple (P, F, ar) where P and F are
non-empty sets of predicate symbols and function symbols, respectively,
and ar is a function assigning to x € P UF an arity ar(x) € N.

P-terms s, t,... and P-formulas ., 1), ... are defined as in classical logic
using a fixed countably infinite set OV of object variables x, y, ...,
propositional connectives from £, and the quantifiers V and 3.

A P-theory I is just a set of P-formulas.
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First-Order Structures

A P-structure M = (A, M) consists of an L-algebra A based on a
complete chain, and

M = (M, {PM}pcp, {fM}rcr)

where M is a non-empty set, PM: M" — A is a function for each n-ary
P c P, and fM: M" — M is a function for each n-ary f € F.
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Evaluations

Given an 9t-evaluation v mapping object variables to M,
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Evaluations

Given an 9t-evaluation v mapping object variables to M,

XY = v(x) (x € 0V)
(e ta) IS = MUl - 6T (F € F)
1P(t, - )l = PMUIlR, - 6l (P e P)

(o1 on)lT = AUl leal?)  (x € L),
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Evaluations
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Evaluations

Given an 9t-evaluation v mapping object variables to M,

XY = v(x) (x € 0V)
(e ta) IS = MUl - 6T (F € F)
1P(t, - )l = PMUIlR, - 6l (P e P)

(o1 on)lT = AUl leal?)  (x € L),

and letting v[x—a](x) = a and v[x—a](y) = v(y) for y # x,

(7)Y = Abem llol T
1G)LlY = Vaemllels
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Evaluations

Given an 9t-evaluation v mapping object variables to M,

XY = v(x) (x € 0V)
(e ta) IS = MUl - 6T (F € F)
1P(t, - )l = PMUIlR, - 6l (P e P)

(o1 on)lT = AUl leal?)  (x € L),

and letting v[x—a](x) = a and v[x—a](y) = v(y) for y # x,

m A m
H(VX)SOHV = /\aEM HSDHV[X—»Q]
m A m
H(EX)SOHV = \/aEM H@Hv[x—»a]'
Notation. Given v(X) = 3, we often write ||¢(3)||™" for [|p(X)||™".
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Let K be a class of L-algebras based on complete chains and let A € K.
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Let K be a class of L-algebras based on complete chains and let A € K.
Then a P-structure 9 = (A, M) is a K-model of a P-theory T', written

MET,

if ||<p|]3n = TA for each ¢ € " and M-evaluation v.
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Let K be a class of L-algebras based on complete chains and let A € K.
Then a P-structure 9 = (A, M) is a K-model of a P-theory T', written

MET,
if ||<p|]3n = TA for each ¢ € " and M-evaluation v.

Note. A P-structure 9 = (A, M) is called witnessed if for each
P-formula ¢(x,y) and 3 € M, there exist b,c € M such that

1@ ™ = (b, AT and  [[(vx)e(x, @™ = (e, D"
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Consequence

If T U{p} is a P-theory and for each A € K and P-structure I = (A, M),
MEL = MEe

then we say that “p is a consequence of I' in K", written

F):KQD.
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Consequence

If T U{p} is a P-theory and for each A € K and P-structure I = (A, M),
MEL = MEe
then we say that “p is a consequence of I' in K", written
I'=k .

In particular, if ) g @, then ¢ is said to be valid in K.
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First-Order Godel Logic

When K consists of just the standard Godel algebra on [0, 1], we obtain
first-order Goédel logic (and write =)
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First-Order Godel Logic

When K consists of just the standard Godel algebra on [0, 1], we obtain
first-order Godel logic (and write =) which

@ admits the deduction theorem

Fu{plFecy < Tlkap—1v% (v, sentences)
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First-Order Godel Logic

When K consists of just the standard Godel algebra on [0, 1], we obtain
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@ admits the deduction theorem

Fu{plFecy < Tlkap—1v% (v, sentences)

but not double negation, i.e., ffg 7 — @
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First-Order Godel Logic

When K consists of just the standard Godel algebra on [0, 1], we obtain
first-order Godel logic (and write =) which

@ admits the deduction theorem

Fru{etFay & TlEae—v (i, 1) sentences)
but not double negation, i.e., g 7@ — ¢

@ admits some quantifier shifts such as

Fa (3x)p = ¥) < (Vx)(¢ — ¢)  (x not free in ¢)
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First-Order Godel Logic

When K consists of just the standard Godel algebra on [0, 1], we obtain
first-order Godel logic (and write =) which

@ admits the deduction theorem

Fru{etFay & TlEae—v (i, 1) sentences)
but not double negation, i.e., g 7@ — ¢

@ admits some quantifier shifts such as

Fa (3x)p = ¥) < (Vx)(¢ — ¢)  (x not free in ¢)

but not others, e.g.,

#a (p = (3)P) = (3x)(p — ¢)  (x not free in )
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First-Order Godel Logic

e is (recursively) axiomatizable (Horn 1969) as the extension of
first-order intuitionistic logic with

() (=) V(¥ —¢)
(cd) (Vx)(p V) — (¢ V (VX)) (x not free in @)
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First-Order Godel Logic

e is (recursively) axiomatizable (Horn 1969) as the extension of
first-order intuitionistic logic with

() (=) V(¥ —¢)
(cd) (Vx)(p V) — (¢ V (VX)) (x not free in @)

o is finitary, i.e.,
I'Ege & I =g ¢ for some finite [V C T’

but not complete with respect to witnessed models

@ has an elegant proof theory (Avron 1991, Baaz & Zach 2000).
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First-Order Godel Logics

Remark. Restricting the standard Godel algebra to a closed infinite subset
of [0,1] containing {0, 1}, we obtain countably infinitely many different
first-order Godel logics (Beckmann, Goldstern, and Preining 2008).

George Metcalfe (University of Bern) First-Order Logics and Truth Degrees LATD 2014 20 / 39



First-Order tukasiewicz Logic

When K consists of the standard tukasiewicz algebra on [0, 1], we obtain
first-order tukasiewicz logic (and write |=y),
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First-Order tukasiewicz Logic

When K consists of the standard tukasiewicz algebra on [0, 1], we obtain
first-order tukasiewicz logic (and write |=y,), which

@ admits double negation, but not the deduction theorem

@ admits all quantifier shifts and therefore has prenexation
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First-Order tukasiewicz Logic

When K consists of the standard tukasiewicz algebra on [0, 1], we obtain
first-order tukasiewicz logic (and write |=y,), which

@ admits double negation, but not the deduction theorem
@ admits all quantifier shifts and therefore has prenexation

@ is not finitary, but is complete with respect to witnessed models

LATD 2014 21 /39
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First-Order tukasiewicz Logic

e is not (recursively) axiomatizable (Scarpellini 1962), and indeed is
My-complete (Ragaz 1981)
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First-Order tukasiewicz Logic

e is not (recursively) axiomatizable (Scarpellini 1962), and indeed is
My-complete (Ragaz 1981)

@ has an elegant proof theory with an infinitary rule (Metcalfe,
Olivetti, and Gabbay 2005, Baaz and Metcalfe 2009)
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First-Order tukasiewicz Logic

e is not (recursively) axiomatizable (Scarpellini 1962), and indeed is
My-complete (Ragaz 1981)

@ has an elegant proof theory with an infinitary rule (Metcalfe,
Olivetti, and Gabbay 2005, Baaz and Metcalfe 2009)

@ provides a basis for continuous model theory (Ben Yaacov 2008).
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Other Possibilities. . .

e If K consists of the standard product algebra on [0, 1] with

1 <b
a-b=ab and a—>b:{ = ]
otherwise,

oo

then we obtain first-order product logic.
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Other Possibilities. . .

e If K consists of the standard product algebra on [0, 1] with

1 a<b

otherwise,

a-b=ab and a—>b:{

oo

then we obtain first-order product logic.

o If K consists of the complete chains of certain varieties of integral
commutative residuated lattices, then we obtain a (recursively)
axiomatizable and finitary first-order logic (e.g., first-order MTL).
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Half-Time Score

Classical | Godel | tukasiewicz | Product
Double Negation YES NO YES NO
Deduction Theorem YES YES NO NO
Prenex Forms YES NO YES NO
Witnessed Models YES NO YES NO
Axiomatizable YES YES NO NO
Finitary YES YES NO NO
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Skolemization Right

Let K be a class of L-algebras based on complete chains. For any
P-theory I' U {¢(x,¥)} and function symbol f, & P with arity |y|:

I'Ex ()(v)e(x,y) & T Ex (3)e(f(), Y)-
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Skolemization Right

Let K be a class of L-algebras based on complete chains. For any
P-theory I' U {¢(x,¥)} and function symbol f, & P with arity |y|:

I'Ex ()(v)e(x,y) & T Ex (3)e(f(), Y)-

Proof.
(<) Easy, because (3y)(Vx)p(x,y) Fx (3y)e(f(¥), ¥).
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Skolemization Right

Let K be a class of L-algebras based on complete chains. For any
P-theory I' U {¢(x,¥)} and function symbol f, & P with arity |y|:

I'Ex ()(v)e(x,y) & T Ex (3)e(f(), Y)-

Proof

(=) Easy, because (3y)(vx)e(x, ¥) Fx (3y)¢(fe(), ¥).
(=) Suppose T' [k (37)¢(£(¥), ¥): ie, [I37)(Fx)p(x, Y[ < TA for
some A € K and model It = (A, M) of F
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Skolemization Right

Let K be a class of L-algebras based on complete chains. For any
P-theory I' U {¢(x,¥)} and function symbol f, & P with arity |y|:

I'Ex ()(v)e(x,y) & T Ex (3)e(f(), Y)-

Proof
(<) Easy, because (3y) (x,¥) |:K (F)e(fo(¥), ¥)-

(Vx)ep
(=) Suppose T' [k (37)¢(£(¥), ¥): ie, [I3Y)(Vx)p(x, )™ < T for
some A € K and model It = (A, M) of F Then [|(3y)(¥x)e(x, P)[|* < r
for some r < TA.
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Skolemization Right

Let K be a class of L-algebras based on complete chains. For any
P-theory I' U {¢(x,¥)} and function symbol f, & P with arity |y|:

I'Ex ()(v)e(x,y) & T Ex (3)e(f(), Y)-

Proof.
(«=) Easy, because (3y)(Vx)¢(x, ¥) Ex (3¥)e(fo(¥), ¥)-

(=) Suppose T [£x (37)¢(£,(¥), ¥): i, [(3F)(Vx)p(x, 7)II7* < T for
some A € K and model 9 = (A, M) of T'. Then ||(3y)(¥x)e(x, V)| < r
for some r < TA. So for each m € M, there is a d € M satisfying

lo(d, i)™ < r.
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Skolemization Right

Let K be a class of L-algebras based on complete chains. For any
P-theory I' U {¢(x,¥)} and function symbol f, & P with arity |y|:

I'Ex ()(v)e(x,y) & T Ex (3)e(f(), Y)-

Proof.

(«=) Easy, because (Jy)(Vx)p(x, ¥) Fx (Fy)e(fo(¥), ¥)-
(=) Suppose T [£x (37)¢(£,(¥), ¥): i, [(3F)(Vx)p(x, 7)II7* < T for
some A € K and model 9 = (A, M) of T'. Then ||(3y)(¥x)e(x, V)| < r
for some r < TA. So for each m € M, there is a d € M satisfying

(d, M)||™ < r. Now define (using the axiom of choice) f,(m) = d with
le(d, m)|[** < r,
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Skolemization Right

Let K be a class of L-algebras based on complete chains. For any
P-theory I' U {¢(x,¥)} and function symbol f, & P with arity |y|:

I'Ex ()(v)e(x,y) & T Ex (3)e(f(), Y)-

Proof.

(«=) Easy, because (Jy)(Vx)p(x, ¥) Fx (Fy)e(fo(¥), ¥)-
(=) Suppose T [£x (37)¢(£,(¥), ¥): i, [(3F)(Vx)p(x, 7)II7* < T for
some A € K and model 9 = (A, M) of T'. Then ||(3y)(¥x)e(x, V)| < r
for some r < TA. So for each m € M, there is a d € M satisfying

(d, M)||™ < r. Now define (using the axiom of choice) f,() = d with
llo(d, m)[I™* < r, giving [|(37)e(fp(7), I < r < TA. ]

v
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Skolemization Left

Let K consist of the standard tukasiewicz or Godel algebra. For any
P-theory I' U {¢(x,¥), %} and function symbol f, & P with arity |y|:

FU{(W)@F)ex. )} Fr ¢ & TU{(Vy)e(fo(¥), ¥)} Fx ¢
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Skolemization Left

Let K consist of the standard tukasiewicz or Godel algebra. For any
P-theory I' U {¢(x,¥), %} and function symbol f, & P with arity |y|:

FU{(W)@F)ex. )} Fr ¢ & TU{(Vy)e(fo(¥), ¥)} Fx ¢

Moreover, first-order tukasiewicz logic has prenexation, so in this case we
can Skolemize all formulas on both sides of the consequence relation.
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Skolemization Left and Regular Completions

A class K of integral commutative residuated lattices admits regular
completions if for each A € K, there is an embedding of A into some
complete B € K that preserves infinite meets and joins when they exist.
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Skolemization Left and Regular Completions

A class K of integral commutative residuated lattices admits regular
completions if for each A € K, there is an embedding of A into some
complete B € K that preserves infinite meets and joins when they exist.

Theorem

Let K be the class of complete chains of a variety of integral commutative
residuated lattices whose class of chains admits regular completions.
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Skolemization Left and Regular Completions

A class K of integral commutative residuated lattices admits regular
completions if for each A € K, there is an embedding of A into some
complete B € K that preserves infinite meets and joins when they exist.

Let K be the class of complete chains of a variety of integral commutative
residuated lattices whose class of chains admits regular completions. For
any P-theory I' U {¢(x, y), ¥} and function symbol f, & P with arity |y|:

FU{(v)(3¥)e(x, )} Fx v = TU{(VY)e(f(Y), ¥)} Fx ¢

George Metcalfe (University of Bern)
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A Herbrand Theorem for First-Order Godel Logic

The Herbrand universe U(P) for a predicate language P with at least
one constant is the set of ground (variable-free) P-terms.
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A Herbrand Theorem for First-Order Godel Logic

The Herbrand universe U(P) for a predicate language P with at least
one constant is the set of ground (variable-free) P-terms.

For any quantifier-free P-formula ¢(X):

Ea (3X)e(X) = Ea \/ o(t;) for some ty,. .., t, € U(P).
i=1

This has been proved proof-theoretically by Baaz and Zach (2000) and
semantically by Baaz, Ciabattoni, and Fermiiller (2001).
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An Expansion Lemma

Let Ag denote the quantifier-free P-formulas, and define using BNF:
g-universal formulas P = Ao | PAP | PVP | (Yx)P| N—P

NAN|NVN|@x)N|P—N.

g-existential formulas N ::= A
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An Expansion Lemma

Let Ag denote the quantifier-free P-formulas, and define using BNF:

g-universal formulas P := Ay | PAP ‘ Pv P ‘ (Vx)P ‘ N— P

g-existential formulas N := Ao | NAN|[NVN | (Ix)N | P — N.

We refer to theories containing only g-universal and g-existential formulas
as g-universal and g-existential theories, respectively.
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An Expansion Lemma

Let Ag denote the quantifier-free P-formulas, and define using BNF:

PAP|PVP|(Vx)P| N—P
NAN|NVN|@x)N|P—N.

g-universal formulas P ::= Ay

g-existential formulas N ::= A

We refer to theories containing only g-universal and g-existential formulas
as g-universal and g-existential theories, respectively.

For each g-existential P-formula ) and g-universal P-theory T' U {¢}:

FU{(vX)e(X)} Fav & TU{p(t)]feU(P)}a .

George Metcalfe (University of Bern) First-Order Logics and Truth Degrees LATD 2014 29 / 39



Herbrand Expansions

The P-Herbrand expansion E(y) of a P-formula ¢ consists of formulas
obtained by applying the following steps repeatedly:
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Herbrand Expansions

The P-Herbrand expansion E(y) of a P-formula ¢ consists of formulas
obtained by applying the following steps repeatedly:

(1) Replace ¢[(VX)y(X,y)] where 9 is quantifier-free with
@[ Azen ¥ (2, ¥)] for some finite H C U(P).
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Herbrand Expansions

The P-Herbrand expansion E(y) of a P-formula ¢ consists of formulas
obtained by applying the following steps repeatedly:

(1) Replace ¢[(VX)y(X,y)] where 9 is quantifier-free with
@[ Azen ¥ (2, ¥)] for some finite H C U(P).

)¥(X,y)] where 1 is quantifier-free with

(2) Replace ¢[(3%
t, )] for some finite H C U(P).

‘P[VFGH Y(
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More General Herbrand Theorems

For every g-universal P-theory I' U {p} and g-existential P-formula 1:

Tu{pl gy < thereexists ¢ € E(p) such that T U{¢'} =g .

George Metcalfe (University of Bern) First-Order Logics and Truth Degrees LATD 2014 31/39



More General Herbrand Theorems

For every g-universal P-theory I' U {p} and g-existential P-formula 1:

Tu{pl gy < thereexists ¢ € E(p) such that T U{¢'} =g .

For every g-universal P-theory I' and g-existential P-formula :

I'Egy <&  there exists ¢ € E(¢) such that T =g /.
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More General Herbrand Theorems

For every g-universal P-theory I' U {p} and g-existential P-formula 1:

TU{p} Egv <& thereexists ' € E(p) such that T U {y'} Eq 1.

For every g-universal P-theory I' and g-existential P-formula :

I'Egy <&  there exists ¢ € E(¢) such that T =g /.

These theorems hold for any finitary K — e.g., if K is the class of complete
chains of a variety of integral commutative residuated lattices whose class
of chains admits regular completions (see also recent work of Terui).
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Failure of the Herbrand Theorem in tukasiewicz Logic

Easily, by prenexation,

Fr (3X)(Vy)(D(x) — D(y))-
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Failure of the Herbrand Theorem in tukasiewicz Logic

Easily, by prenexation,

Fr (3X)(Vy)(D(x) — D(y))-

So, by Skolemization right,

Fr (3x)(D(f(x)) — D(x))-
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Failure of the Herbrand Theorem in tukasiewicz Logic

Easily, by prenexation,

Fr (3X)(Vy)(D(x) — D(y))-

So, by Skolemization right,

Fr (3x)(D(f(x)) — D(x))-

For Herbrand’s Theorem, we would need for some n € N,

n

= \/(D(FF(e)) — D(Fi(e))).

i=1
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Failure of the Herbrand Theorem in tukasiewicz Logic

Easily, by prenexation,

Fr (3X)(Vy)(D(x) — D(y))-

So, by Skolemization right,

Fr (3x)(D(f(x)) — D(x))-

For Herbrand’s Theorem, we would need for some n € N,

n

= \/(D(FF(e)) — D(Fi(e))).

i=1

but we can build a structure 90 such that ||D(F7+1(c))||™ > ||D(f(c))|™
for i =1...n, where such a disjunction is not valid.
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Approximate Consequence

Let us define for a P-theory T, P-sentence 1, and r € [0,1] N Q,

FEpr<vy & r < ||i||™ for every model 90 of T,
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Approximate Consequence

Let us define for a P-theory T, P-sentence 1, and r € [0,1] N Q,
FEpr<vy & r < ||i||™ for every model 90 of T,

and note that if the “propositional atom” P does not occur in T' U {4},

Ty <¢ & TU{y—(PA=P")} kL.
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Approximate Consequence

Let us define for a P-theory T, P-sentence 1, and r € [0,1] N Q,
FEpr<vy & r < ||i||™ for every model 90 of T,

and note that if the “propositional atom” P does not occur in T' U {4},

Ty <¢ & TU{y—(PA=P")} kL.

First-order tukasiewicz logic is not finitary, but

'Ep L & I" =g, L for some finite I C T.
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Approximate Consequence

Let us define for a P-theory T, P-sentence 1, and r € [0,1] N Q,
F'Epr<vy & r < ||i||™ for every model 90 of T,
and note that if the “propositional atom” P does not occur in T' U {4},

Ty <¢ & TU{y—(PA=P")} kL.

First-order tukasiewicz logic is not finitary, but
'Ep L & I" =g, L for some finite I C T.
Moreover, for every universal theory I' U {¢},

PU{(vX)e(X)} Fr L & TUufe)|feU(P)} = L.
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Approximate Herbrand Theorems

For any universal theory T' U {p}, existential formula ¢, and r € [0,1] N Q:

F'eErr<y & T Epr<y forsomed € E(y)
Fr'U{plErr<vy & TU{¢'} EwLr <y for some o' € E(p).
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Approximate Herbrand Theorems

For any universal theory T' U {p}, existential formula ¢, and r € [0,1] N Q:

F'eErr<y & T Epr<y forsomed € E(y)
Fr'U{plErr<vy & TU{¢'} EwLr <y for some o' € E(p).

Theorem

| A\

For each universal theory T' U {¢} and existential formula 1):

FEry & VneN T gy iy <9 for some ' € E(y)
Fu{pt Ly & VYneN TU{¢'} FrL 45 < for some ¢’ € E(p).
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So Which Logic Wins?

First-order Godel logic is axiomatizable, has the deduction theorem, and
admits Skolemization and Herbrand theorems for prenex formulas. . .
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So Which Logic Wins?

First-order Godel logic is axiomatizable, has the deduction theorem, and
admits Skolemization and Herbrand theorems for prenex formulas. . .

First-order tukasiewicz logic is not axiomatizable but admits prenex
forms and therefore Skolemization for all formulas and a reduction — via an
approximate Herbrand theorem — to propositional logic.
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So Which Logic Wins?

First-order Godel logic is axiomatizable, has the deduction theorem, and
admits Skolemization and Herbrand theorems for prenex formulas. . .

First-order tukasiewicz logic is not axiomatizable but admits prenex
forms and therefore Skolemization for all formulas and a reduction — via an
approximate Herbrand theorem — to propositional logic.

A Last Question
Do these logics have interesting (decidable and useful) fragments?
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Fragments of First-Order tukasiewicz Logic

Using Skolemization and the approximate Herbrand theorem, for any
quantifier-free and function-symbol-free formula ¢(X, ¥):
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Fragments of First-Order tukasiewicz Logic

Using Skolemization and the approximate Herbrand theorem, for any
quantifier-free and function-symbol-free formula ¢(X, ¥):

Er (VX)(3Y)e(X,Y) <  Er (3Y)e(E,¥) for new constants ¢
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quantifier-free and function-symbol-free formula ¢(X, ¥):

Er (VX)(3Y)e(X,Y) <  Er (3Y)e(E,¥) for new constants ¢
& < Vje.e(C,d) foreach re[0,1)
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Fragments of First-Order tukasiewicz Logic

Using Skolemization and the approximate Herbrand theorem, for any
quantifier-free and function-symbol-free formula ¢(X, ¥):

Er (VX)(3Y)e(X,Y) <  Er (3Y)e(E,¥) for new constants ¢
& < Vje.e(C,d) foreach re[0,1)

And ):L \/ggg@(a C_i)

Corollary (Rutledge 1959)
Validity in the one-variable fragment of first-order Lukasiewicz logic is

decidable (indeed co-NP complete).
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Fragments of First-Order tukasiewicz Logic

Using Skolemization and the approximate Herbrand theorem, for any
quantifier-free and function-symbol-free formula ¢(X, ¥):

Er (VX)(3Y)e(X,Y) <  Er (3Y)e(E,¥) for new constants ¢
& < Vje.e(C,d) foreach re[0,1)

Corollary (Rutledge 1959)
Validity in the one-variable fragment of first-order Lukasiewicz logic is
decidable (indeed co-NP complete).

Validity in the monadic fragment is undecidable (Bou), but validity in
certain modal (description logic) fragments is decidable (Hajek 2005).
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Fragments of First-Order Godel Logic

The monadic fragment of first-order Godel logic is undecidable (Baaz,
Ciabattoni, and Fermiiller 2007).
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Fragments of First-Order Godel Logic

The monadic fragment of first-order Godel logic is undecidable (Baaz,
Ciabattoni, and Fermiiller 2007).

Validity in the one-variable fragment does not have the finite model
property; e.g.,

(Vx)(==P(x)) = ==(Vx)P(x)
is valid in all finite models, but not in the model with universe N where

P(a) is interpreted as ﬁ for a € N.
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Fragments of First-Order Godel Logic

The monadic fragment of first-order Godel logic is undecidable (Baaz,
Ciabattoni, and Fermiiller 2007).

Validity in the one-variable fragment does not have the finite model
property; e.g.,
(Vx)(==P(x)) = ==(Vx)P(x)

is valid in all finite models, but not in the model with universe N where

P(a) is interpreted as ﬁ for a € N.

However, decidability for this and certain modal fragments has been
established via a new semantics for Godel modal logics in

X. Caicedo, G. Metcalfe, R. Rodriguez, and J. Rogger.
Proceedings of WoLLIC 2013, LNCS 8017, Springer (2013), 226-237.
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New Quantifiers

Consider the following functions (definable in Godel logic with A):

0 a>»b 1 a<b
axb=<1 b=1 and aob=<0 b=0
a otherwise a otherwise.
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New Quantifiers

Consider the following functions (definable in Godel logic with A):

0 a>»b 1 a<b
axb=<1 b=1 and aob=<0 b=0
a otherwise a otherwise.

For a one-variable formula ¢ and a predicate symbol P not occurring in ¢,
let ¢ be ¢ with subformulas (Vx)1 and (3x)1) replaced with

(Vx)p = Fy)(Py) * (Vx)¥)  and  (3x)¢ = (Vy)(P(y) o (3x)).
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New Quantifiers

Consider the following functions (definable in Godel logic with A):

0 a>»b 1 a<b
axb=<1 b=1 and aob=<0 b=0
a otherwise a otherwise.

For a one-variable formula ¢ and a predicate symbol P not occurring in ¢,
let ¢ be ¢ with subformulas (Vx)1 and (3x)1) replaced with

(79 = @Ey)(P(y) * (Vx)¢)  and  (3x)y = (¥y)(P(y) o (3x)¥).
Validity of these formulas ¢ has the finite model property, and

':GA ¥ ~ ):GA P.
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New Quantifiers

Consider the following functions (definable in Godel logic with A):

0 a>»b 1 a<b
axb=<1 b=1 and aob=<0 b=0
a otherwise a otherwise.

For a one-variable formula ¢ and a predicate symbol P not occurring in ¢,
let ¢ be ¢ with subformulas (Vx)1 and (3x)1) replaced with

(79 = @Ey)(P(y) * (Vx)¢)  and  (3x)y = (¥y)(P(y) o (3x)¥).
Validity of these formulas ¢ has the finite model property, and

':GA ¥ ~ ):GA P.

Validity in the one-variable fragment of first-order Gédel logic (with A) is
decidable (indeed co-NP complete).
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Concluding Remarks

@ First-order many-valued logics — in particular, first-order Godel and
t ukasiewicz logics — preserve some but not all classical first-order
properties such as (left/right) Skolemization and Herbrand theorems.
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Concluding Remarks

@ First-order many-valued logics — in particular, first-order Godel and
t ukasiewicz logics — preserve some but not all classical first-order
properties such as (left/right) Skolemization and Herbrand theorems.

@ Certain one-variable and modal fragments of first-order Godel and
tukasiewicz logics are decidable.

@ Can we identify “frontiers” of decidability and related complexity
classes for first-order many-valued logics? E.g., the two variable and
guarded fragments of first-order Godel and tukasiewicz logics?
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